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Bases of massless EFTs via momentum twistors
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1Universite´ Paris-Saclay, CNRS/IN2P3, IJCLab, 91405 Orsay, France
I present a novel method of deriving a basis of contact terms in massless effective field theories
(EFTs). It relies on the parametrization of N-body kinematics via the so-called momentum twistors.
A basis is constructed directly at the amplitude level, without using fields or Lagrangians. The
method consists in recasting any local contact term as a sum of rational functions built from Lorentz-
invariant contractions of momentum twistors. The end result is equivalent to constructing a basis of
higher-dimensional operators in an EFT Lagrangian, however it is considerably simpler, especially
for theories with higher-spin particles. The method is applied to contact terms in 4-point amplitudes.
I provide a compact algebraic formula for basis elements for any helicity configuration of the external
particles, and I illustrate its usage with several physically relevant examples.
I. INTRODUCTION
In a relativistic quantum theory, amplitudes can be cal-
culated using Feynman rules derived from a Lagrangian.
The alternative is to directly construct on-shell ampli-
tudes using the basic principles of Poincare´ symmetry, lo-
cality, and unitarity, without using the crutches of fields
and Lagrangians [1–4]. This approach is based on the
fact that, on kinematic poles, residues of an N -point am-
plitude factorize into products of lower-point amplitudes.
For example, a tree-level amplitude with 4 massless par-
ticles on the external legs can be represented as
A(1234) = −A(12pˆs)A(34ps)
s
− A(13pˆt)A(24pt)
t
−A(14pˆu)A(23pu)
u
+ C(1234), (1)
where 1 . . . 4 label incoming particles, ps ≡ p1 + p2,
pt ≡ p1+p3, pu ≡ p1+p4, the Mandelstam invariants are
x ≡ p2x for x = s, t, u, and the hats denote outgoing par-
ticles. The last piece stands for contact terms, which are
regular functions of s, t, u without poles or other singu-
larities, therefore they are not connected to lower-point
amplitudes by unitarity. All in all, an on-shell 4-point
amplitude can be bootstrapped from 3-point ones, up to
contact terms. The latter are the focus of this paper.
One can fix the contact terms through physically mo-
tivated assumptions about the high-energy or analytic
behavior of the amplitudes. This path is relevant for
certain important theories, such as QCD or general rela-
tivity (GR), which are completely fixed by their 3-point
amplitudes and do not admit any free parameters enter-
ing at N > 3 [5, 6]. EFT takes exactly the opposite path:
the contact terms are assumed to have the most general
form allowed by the symmetries, and are organized as an
expansion in inverse powers of a high mass scale Λ:
C(1234) =
∞∑
D=4
∑
k
cD,kOD,k(1234)
ΛD−4
, (2)
where OD,k are basis elements spanning the space of all
possible Lorentz-invariant contact terms. Each OD,k is a
regular function of Mandelstam variables with mass di-
mension [mass]D−4, while cD,k are free parameters called
the Wilson coefficients. Formally, the contact terms de-
pend on an infinite number of Wilson coefficients. How-
ever, for processes with a characteristic energy scale
E ≪ Λ only OD,k with low enough D are numerically
important, and the amplitude can be well approximated
using a finite number of cD,k and OD,k.
There remains the highly non-trivial issue of writing
down all possible OD,k, given the quantum numbers (in
particular spin and helicity) of the external particles. In
the Lagrangian language, the parallel problem is con-
structing all independent Lorentz-invariant local opera-
tors of canonical dimension D. That task can be sys-
tematically organized thanks to the Hilbert series tech-
niques [7–9]. Alternatively, for massless EFTs one can
bypass Lagrangians and construct contact terms directly
at the amplitude level [10–12] using the spinor helicity
variables (helicity spinors, in short). This method may
be simpler, especially for higher spins, as spinors en-
code helicity information in a transparent way. Recently,
Ref. [13] proposed an algorithm for constructing a ba-
sis OD,k as harmonic modes of the physical manifold of
helicity spinors parametrizing N -point amplitudes. See
also Refs. [14, 15] for other amplitude-based approaches
to constructing contact terms.
In this paper I propose a novel way of constructing
a basis of contact terms in massless EFTs. The depar-
ture point is the parameterization of N-point amplitudes
using the momentum twistor variables [2, 16]. Namely,
the kinematic data can be encoded in N spinor pairs
Zi = (λi, µ˜i). From these, the four-momenta pi of all
external particles can be reconstructed, and they auto-
matically satisfy the on-shell condition (p2i = 0) and mo-
mentum conservation (
∑
i pi = 0). The basic facts about
momentum twistors are summarized in Section II. These
are very convenient and natural variables on the space of
N -body kinematics. In particular, they greatly simplify
the task of constructing independent Lorentz invariants
from the kinematic data. Section III shows how to trade
local contact terms for rational functions of Lorentz in-
variant (λiλj) and (µ˜iµ˜j) spinor contractions. Among
these, a set of independent basis elements is identified,
from which any contact term can be constructed at a
given order in the EFT expansion and for a given he-
2licity configuration of external particles. In this paper
I focus on 4-point amplitudes, however the method can
be generalized to higher N . For N = 4, the candidate
basis elements are characterized by a compact formula
in Eq. (16). At a fixed EFT order they are labeled by
one integer bounded to a finite range, thus they can be
enumerated order by order in the EFT expansion. Sec-
tion IV illustrates this method with a number of sim-
ple examples rooted in physically relevant theories. A
slightly more involved example of constructing contact
terms and scattering amplitudes in the EFT extension of
GR is relegated to Appendix A.
I work in 4 spacetime dimensions with the mostly mi-
nus metric: ηµν = diag(1,−1,−1,−1). The Lorentz al-
gebra decomposes into SU(2)×SU(2), with holomorphic
and anti-holomporphic spinors λα and λ˜α˙ transforming
under the respective SU(2) factors. For the spinors I
adopt the conventions of Ref. [17]. Spinor indices are
raised with the antisymmetric tensor ǫαβ and lowered
with ǫαβ : λ
α = ǫαβλβ , λα = ǫαβλ
β , and idem for λ˜,
with the convention ǫ12 = −ǫ12 = 1. The Lorentz in-
variant spinor contractions are λαi λj α ≡ (λiλj) ≡ 〈ij〉,
λ˜i α˙λ˜
α˙
j ≡ (λ˜iλ˜j) ≡ [ij]. Vector and spinor Lorentz in-
dices can be traded with the help of the sigma matrices
[σµ]αβ˙ = (1, ~σ), where ~σ are the Pauli matrices. I abbre-
viate p·σ ≡ pµσµ.
II. FLASH REVIEW OF MOMENTUM
TWISTORS
I start by reviewing the momentum twistor descrip-
tion of massless N -body kinematics in four spacetime
dimensions, following closely the presentation in Ref. [2].
Consider a set of four-momenta pi, i = 1 . . .N , subject
to the on-shell conditions p2i = 0 and momentum con-
servation
∑N
i=1 pi = 0. The restrictions on pi may be
inconvenient to work with, and for many applications it
is beneficial to introduce different variables that trivialize
the constraints. The on-shell conditions are dealt with by
introducing the helicity spinors, that is N holomorphic
and anti-holomorphic 2-component spinors λi, λ˜i related
to the four-momenta by pi·σ = λiλ˜i. This trivializes the
on-shell constraints, in the sense that an arbitrary pair
(λi, λ˜i) defines a (possibly complex) pi that automati-
cally satisfies p2i = 0. As a bonus, the transformation
λi → t−1i λi, λ˜i → tiλ˜i does not change pi therefore it
represents the little group action on the particle i. How-
ever, momentum conservation is not automatic in these
variables, and implies one non-linear constraint on the
N spinors λi and λ˜i. The idea behind the momentum
twistors is to trade the helicity spinors into a different set
of variables so as to trivialize the momentum conserva-
tion as well. To this end, one defines the dual coordinates
yi via the relation
pi = yi − yi−1 ⇒ yi = yN +
i∑
j=1
pj , (3)
with the cyclic identification y0 = yN . One can think of
yi as vertices of a polygon in the dual coordinate space,
and of pi as the sides of that polygon. Note that yi
have units of [mass]1, unlike the spacetime coordinates.
The four-momenta pi do not depend on yN : they do not
change when the polygon is moved around in the dual
spacetime. This is just the translation invariance in the
dual coordinate space. One can always gauge-fix it, e.g.
by setting yN = 0.
Introducing yi via Eq. (3) trivializes the momentum
conservation. However the goal is to construct variables
that trivialize both the momentum conservation and the
on-shell conditions. This is achieved by introducing a set
of N anti-holomorphic spinors µ˜i defined as
µ˜i = λiσ ·yi = λiσ ·yi−1. (4)
Given that λi have dimension [mass]
1/2, µ˜i have dimen-
sion [mass]3/2. The spinor pairs Zi = (λi, µ˜i) are called
the momentum twistors. Any set of N such pairs auto-
matically defines an N -body kinematics with p2i = 0 and∑N
i=1 pi = 0. In order to see this, note that Eq. (4) can
be solved for the dual coordinate:
yi ·σ = λi+1µ˜i − λiµ˜i+1
(λiλi+1)
. (5)
Therefore, starting from Zi one can reconstruct all yi,
and thus pi via Eq. (3), Furthermore, one can show that
these four-momenta can be decomposed as pi ·σ = λiλ˜i,
where
λ˜i = − µ˜i−1(λiλi+1) + µ˜i(λi+1λi−1) + µ˜i+1(λi−1λi)
(λi−1λi)(λiλi+1)
.
(6)
From Eq. (5) and Eq. (6) it follows that λi and µ˜i trans-
form in the same way under the little group: Zi → t−1i Zi.
In other words, Zi are defined projectively: an indepen-
dent rescaling of each Zi does not change pi. In the lit-
erature, momentum twistors are most often used in su-
perconformal frameworks (see e.g. Ref. [18]), in which
case Zi are unbreakable building blocks of the ampli-
tudes. In this paper however I am interested in more
down-to-earth theories. I will treat λi and µ˜i as separate
building blocks, from which I construct Lorentz-invariant
holomorphic (λiλj) and anti-holomorphic (µ˜iµ˜j) spinor
contractions.
Let us compare the number of degrees of freedom on
the four-momentum and momentum twistor sides. In
complex kinematics, each pi has 6 real degrees of freedom
after imposing the on-shell condition. Momentum conser-
vation fixes 8 degrees of freedom, thus the manifold of N -
body kinematics is (6N−8)-dimensional. On the twistor
side, fixing the translation invariance by setting yN = 0
3corresponds via Eq. (4) to setting µ˜1 = µ˜N = 0. This
leavesN spinors λi, andN−2 spinors µ˜i. Each spinor has
4 real degrees of freedom, however 2 degrees of freedom
in each λi can be removed by little group transformations
Zi → t−1i Zi. This leaves 2N + 4(N − 2) = 6N − 8 de-
grees of freedom, in agreement with the dimensionality of
the kinematics manifold. This shows that the projective
space spanned by N momentum twistors Zi is in 1-to-1
correspondence (after gauge-fixing the translations) with
the space of all independent masslessN -body kinematics.
Instead of Zi = (λi, µ˜i), one could represent the kine-
matic data by momentum anti-twistors Z˜i ≡ (µi, λ˜i) re-
lated to the dual coordinates by µi = yi·σλ˜i = yi−1 ·σλ˜i.
In the spinor helicity variables, parity exchanges λi ↔ λ˜i.
The binary choice of either Zi or Z˜i to represent the kine-
matic data is not parity invariant, therefore parity is not
manifest in momentum twistor variables.
III. CONTACT TERMS VIA MOMENTUM
TWISTORS
Contact terms are functions of the helicity spinors that
can be written in the form
O = Πi<j(λiλj)
nij (λ˜iλ˜j)
n˜ij , i, j = 1 . . . N, (7)
where the exponents nij and n˜ij are non-negative inte-
gers. The little group dictates that the exponents are
related to the helicities of the external particles by
2hk =
∑
j 6=k
(n˜jk − njk) . (8)
Eq. (7) is manifestly local, however expressions with dif-
ferent nij and n˜ij may be dependent. For example,
〈12〉2〈34〉2, 〈13〉2〈24〉2, 〈14〉2〈23〉2, and 〈12〉〈34〉〈13〉〈24〉
are all legal 4-point contact terms, however only 3 out of
these 4 are independent. In this section I lay out an algo-
rithm to construct a basis of independent contact terms
for N -point amplitudes. To this end, I parametrize N -
body kinematics by momentum twistors (λi, µ˜i) subject
to the gauge fixing condition µ˜1 = µ˜N = 0. Then I re-
cast Eq. (7) as a sum of independent rational functions
of (λiλj) and (µ˜iµ˜j). This allows me to identify a ba-
sis from which any contact term can be constructed. Of
course, such a basis is infinite, however its elements can
be organized according to their mass dimensions, which
directly translates into EFT expansion in powers of 1/Λ.
At a given EFT order and for a given helicity configura-
tion the number of basis elements is finite.
Below I perform this construction for N = 4, and then
comment on extending it to higher N .
A. 4-point
I start with Eq. (7) for N = 4. The (λ˜iλ˜j) spinor
contractions can be traded for momentum twistors using
Eq. (6):
[12] = (µ˜2µ˜3)〈12〉〈23〉 , [13] = − (µ˜2µ˜3)〈24〉〈12〉〈23〉〈34〉 , [14] = (µ˜2µ˜3)〈12〉〈34〉 ,
[23] = (µ˜2µ˜3)〈14〉〈12〉〈23〉〈34〉 , [24] = − (µ˜2µ˜3)〈13〉〈12〉〈23〉〈34〉 , [34] = (µ˜2µ˜3)〈23〉〈34〉 .
(9)
The fact that on the momentum twistor side there is only
one possible anti-holomorphic contraction (µ˜2µ˜3) greatly
simplifies the proceedings for N = 4. Plugging Eq. (9)
into Eq. (7) yields a representation of any 4-point local
term as a rational function of (µ˜2µ˜3) and (λiλj) contrac-
tions:1
O = (µ˜2µ˜3)
n〈12〉n12+n˜34−n〈13〉n13+n˜24〈14〉n14+n˜23
× 〈23〉n23+n˜14−n〈24〉n24+n˜13〈34〉n34+n˜12−n, (10)
where n =
∑
i<j n˜ij , which implies n ≥ 0. One spinor
contraction, e.g. 〈14〉, can be eliminated via the Schouten
identity 〈12〉〈34〉 − 〈13〉〈24〉 + 〈14〉〈23〉 = 0. Then O is
represented as a sum of rational functions of momentum
twistor contractions:
O =
(µ˜2µ˜3)
n
〈23〉n 〈23〉
n23−n14+n˜14−n˜23〈12〉n12+n14+n˜24+n˜34−n−α
× 〈13〉n13+n˜24+α〈24〉n24+n˜13+α〈34〉n34+n˜12−n, (11)
and α is an integer in the range [0, n14 + n˜23]. In the
last step I traded nij and n˜ij for external helicities using
Eq. (8). All in all, any contact term can be expressed as
a sum of basis elements:
Oh1h2h3h4n,k =
(
(µ˜2µ˜3)
〈23〉
)n( 〈13〉〈24〉
〈12〉〈34〉
)k
〈23〉h1−h2−h3+h4
× 〈12〉−2h1〈24〉h1−h2+h3−h4〈34〉−h1+h2−h3−h4 ,
(12)
where k = n13+ n˜24+α ≥ 0. For a given helicity configu-
ration, the candidate basis elements are parametrized by
two integers: n and k. The former controls the canonical
dimension, which is related to n by
D = 2n+ 4−
∑
i
hi. (13)
The latter labels basis elements for each canonical dimen-
sion, that is at each EFT order. An important point is
that, for n fixed, k is constrained to a finite range for
Oh1h2h3h4n,k to possibly be a local term. This can be seen
by looking at the scaling: (µ˜2µ˜3) ∼ s
√
u, 〈23〉 ∼ √u,
〈12〉 ∼ √s, 〈34〉 ∼ √s, 〈13〉 ∼ √t, 〈24〉 ∼ √t. A contact
term must be non-singular when s or t go to zero, which
leads to the necessary condition:
kmin ≤ k ≤ k¯ + n,
kmin = max
(
0,
−h1 + h2 − h3 + h4
2
)
,
k¯ =
−3h1 + h2 − h3 − h4
2
. (14)
1 In this discussion signs and numerical factors are irrelevant, and
they are dropped between equations.
4For a given n it selects a finite (or empty) set of possible
choices of k. For the allowed range of k to be non-empty,
n is bounded by
n ≥ nmin, nmin = max
(
0, h1 + h4,−k¯
)
. (15)
I stress that Eq. (14) and Eq. (15) are merely necessary
conditions. The sufficient condition for Oh1h2h3h4n,k to be a
local contact term is that it can be written in the form of
Eq. (7). This requires the existence of a solution to the
equations relating hi, n and k to the non-negative, inte-
ger exponents nij and n˜ij . That is often more restrictive,
thus the allowed range of k, n can be smaller (but never
larger) than the one suggested by the necessary condi-
tions. In the EFT approach one is usually interested in
lowest dimension terms in the 1/Λ expansion. Then it
suffices to inspect locality of Oh1h2h3h4n,k for a few values
of n close to nmin and for the corresponding range of k.
The formulas in Eqs. (12)-(15) do not treat all incom-
ing particles in the same way. This is because arbitrary
choices that break the interchange symmetry have been
made along the way: gauge-fixing µ1 and µ4, and elim-
inating 〈14〉 via the Schouten identity. One could of
course alter these choices to arrive at a different fam-
ily of basis candidates. Note that Eq. (12) is not man-
ifestly parity-invariant because the momentum twistor
formalism is not. Furthermore, the scaling 〈23〉 ∼ √u
implies that Eq. (12) has a singularity in the u-variable
for h1−h2−h3+h4 < 0. For such helicity configurations
a local term may be a linear combination of Oh1h2h3h4n,k
with different k. This may be cumbersome in practice,
therefore it is easier to work with the configurations sat-
isfying h1−h2−h3+h4 ≥ 0, and obtain basis elements for
h1−h2−h3+h4 < 0 via the parity operation P acting as
hi → −hi, λi ↔ λ˜i. The final comment is that Eq. (12) is
not automatically symmetric under permutations of ex-
ternal particles i, j, even when hi = hj . For identical
particles, symmetrization or anti-symmetrization of the
basis elements has to be performed a posteriori.
To summarize the algorithm, the candidate basis ele-
ments to span the contact terms of massless 4-point am-
plitudes are given in Eq. (12). They are parametrized by
two integers: n and k. The former is constrained by the
inequality in Eq. (15) and controls the EFT expansion,
with increasing n corresponding to increasing canonical
dimensions. For n fixed, k is constrained to a finite range
by Eq. (14). The fact that momentum twistors are un-
constrained variables on the manifold of 4-body kinemat-
ics ensures the independence of Oh1h2h3h4n,k for different n
and k. The elements of this set that are local, meaning
they can be written as in Eq. (7), form a basis of con-
tact terms for a given helicity configuration h1,2,3,4 and
canonical dimension D = 2n−∑i hi + 4. This prescrip-
tion is a purely algebraic algorithm to write down a basis
of 4-point contact terms in any massless theory.
For practical applications it is more convenient to trade
momentum twistors for the standard helicity spinors us-
ing the identity (µ˜2µ˜3) = −s〈23〉 = 〈23〉2[23], which fol-
lows directly from Eq. (4). Furthermore, one can simplify
spinor expressions using t〈12〉〈34〉 = −s〈13〉〈24〉. All in
all, Eq. (12) can be recast as
Oh1h2h3h4n,k = s
n−ktk〈12〉−2h1〈23〉h1−h2−h3+h4
× 〈24〉h1−h2+h3−h4〈34〉−h1+h2−h3−h4 . (16)
This is the central result of this paper.
B. Higher-point
A similar algorithm as in Section III A can be worked
out for higher N . Any N -point contact term can be
recast as a sum of rational function of Lorentz-invariant
contractions of N holomorphic spinors λ1 . . . λN and N−
2 anti-holomorphic spinors µ˜2 . . . µ˜N−1:
O = ΠN−1k<l=2(µ˜kµ˜l)
aklΠNi<j=1(λiλj)
bij , (17)
where akl and bij are (possibly negative) integers. Sub-
sequently, one should mod out dependent contractions
using the Schouten identities, and relate the exponents
aij , bij to the external helicities. Finally, among the irre-
ducible rational functions one should identify the contact
terms that can be written in the form of Eq. (7). The
procedure is relatively straightforward for small enough
N , however selection of independent Schouten identities,
testing for locality, and eventual symmetrization for iden-
tical particles becomes more pesky with increasing N . I
leave for future publications the details of this procedure
and results for concrete physical theories.
IV. EXAMPLES
This section provides some applications of the master
formula Eq. (16) to construct bases of 4-point contact
terms in concrete physical theories.
A. Scalar
I start with a trivial example of scattering of 4 distinct
scalars, hi = 0. Eq. (16) reduces to
On,k = s
n−ktk, (18)
where n ≥ 0 from Eq. (15), and 0 ≤ k ≤ n from Eq. (14).
In this case On,k simply generates all independent kine-
matic invariants at a given order in the EFT expansion.
For n = 0 (D=4, or O(Λ0)) the only option is k = 0, that
is a constant contact term O0,0 = 1. For n = 1 (D=6
or O(Λ−2)) there are 2 options: k = 0 and k = 1, which
correspond to the 2 independent Mandelstam invariants
O1,0 = s andO1,1 = t. For n = 2 (O(Λ−4)) there are 3 in-
dependent invariants O2,0 = s
2, O2,1 = st, and O2,2 = t
2.
And so on... For 4 identical scalars one needs to construct
linear combinations of the basis elements that are invari-
ant under the S4 permutation symmetry. O0,0 is trivially
5invariant. For n = 1 no invariant combination exists. For
n = 2 the unique permutation-invariant combination is
O2,0 +O2,1 +O2,2 = (s
2 + t2 + u2)/2. And so on...
B. Scalar and Spin-h
A bit less trivial exercise is to determine 4-point con-
tact terms for 2 scalars and 2 identical spin-h particles.
I take h1,4 = 0 and h2,3 = ±h. For the both-minus he-
licity configuration, Eq. (14) and Eq. (15) imply n ≥ 0
and 0 ≤ k ≤ n. I am interested in the lowest possible
n, corresponding to the lowest canonical dimension via
Eq. (13). For n = 0 and k = 0 Eq. (16) yields:
O−− ≡ O−−0,0 = 〈23〉2h, (19)
which is manifestly local. Thus the lowest order contact
term in this helicity sector is unique and is O(Λ−2h). The
mirror term in the both-plus sector can be immediately
obtained via the parity transformation:
O++ ≡ P ·O−− = [23]2h. (20)
Obtaining the same result directly from Eq. (16) is more
tricky, as O++ is a linear combination
∑
k akO
++
2h,k with
the coefficients ak chosen such that the singularity in the
u variable cancels out. This illustrates the fact that the
method is not manifestly parity invariant. Note that,
for any integer or half-integer spin h, O−− and O++ au-
tomatically have the correct (anti-)symmetry properties
under the exchange 2↔ 3.
In the opposite helicity sector, the necessary conditions
Eq. (14) and Eq. (15) read 0 ≤ k ≤ n−h and n ≥ h This
may suggest that the lowest order contact term corre-
sponds to n = h. However, upon inspection of Eq. (16)
for h2 = −h3 = −h,
O−+n,k = s
n
( 〈13〉〈24〉
〈12〉〈34〉
)k
〈24〉2h〈34〉−2h, (21)
it is clear that at least n = 2h is needed2 to cancel the
singularity in 〈34〉. This example illustrates the fact that
Eq. (14) and Eq. (15) are necessary but not sufficient
conditions. In the end, the lowest order contact term in
the −+ sector is O(Λ−4h):
O−+ ≡ O−+2h,0 =
(
s〈24〉
〈34〉
)2h
= (λ2p4σλ˜3)
2h. (22)
This is higher order in the EFT expansion than O−−
and O++ for any h > 0. The parity mirror is O+− =
P ·O−+ = (λ3p4σλ˜2)2h.
2 The same conclusion can be reached by using the formula in
Ref. [15] for the minimal dimension of a contact term for a given
helicity configuration.
In summary, at the leading order in the EFT expan-
sion a basis of contact terms for interactions of 2 scalar
and 2 spin-h particles is 2-dimensional, consisting of O−−
and O++. These correspond to operators of canonical
dimension D = 2h+ 4. In the language of Lagrangians,
the case h = 1/2 translates to the dimension-5 opera-
tors φ2(cψψ + c¯ψ¯ψ¯), h = 1 to the dimension-6 operators
φ2(cFµνF
µν + c˜Fµν F˜
µν), and h = 2 to the dimension-8
operators φ2(cCµναβC
µναβ+c˜CµναβC˜
µναβ) where Cµναβ
is the Weyl tensor [19]. The expressions in Eqs. (19)-(22)
can also be used for h > 2. Of course, massless par-
ticles with spin higher than two cannot be consistently
coupled to gravity [1, 20], thus for strictly massless par-
ticles this only makes sense as an academic exercise in
the limit MPl → ∞. Nevertheless, the structure of the
contact terms in the massless limit may give some guid-
ance for constructing a basis of contact terms for massive
higher-spin particles, for which consistent theories exist
as EFTs.
C. Euler-Heisenberg
The final example is derivation of the leading order
contact terms for spin-1 particles, hi = ±1. I first dis-
cuss an academic theory of 4 distinguishable massless
spin-1 particles, and then restrict to 4 identical particles,
aka photons. The latter case corresponds to the Euler-
Heisenberg Lagrangian.
Starting with all-minus helicities, Eq. (14) and Eq. (15)
reduce to 0 ≤ k ≤ 2+ n, and n ≥ 0. At the leading EFT
order, n = 0 or O(Λ−4), there are 3 independent contact
terms corresponding to k = 0, 1, 2:
O−−−−1 = 〈13〉2〈24〉2,
O−−−−2 =
s
t
〈13〉2〈24〉2 = −〈12〉〈13〉〈24〉〈34〉,
O−−−−3 =
s2
t2
〈13〉2〈24〉2 = 〈12〉2〈34〉2. (23)
where O−−−−i ≡ O−−−−0,i−1 . These are all manifestly lo-
cal, thus O−−−−1,2,3 span a basis of contact terms in the
all-minus sector. Exactly the same basis would be ob-
tained via the harmonics method of Ref. [13]. A basis in
the all-plus sector is most easily obtained by the parity
operation, O++++i = P ·O−−−−i :
O++++1 = [13]
2[24]2, O++++2 = −[12][13][24][34],
O++++3 = [12]
2[34]2. (24)
Equivalently, these elements could be obtained from
Eq. (16) for n = 4 and k = 0, 1, 2.
Next, consider the configuration h2,3 = −1, h1,4 = +1,
which implies n ≥ 2, 0 ≤ k ≤ n− 2. The leading contact
terms corresponds to n = 2, k = 0:
O+−−+ ≡ O+−−+2,0 = s2
〈23〉4
〈12〉2〈34〉2 = 〈23〉
2[14]2, (25)
6and is also O(Λ−4). For the other 2-plus-2-minus con-
figurations the leading contact terms can be trivially ob-
tained by permutations: O−−++ = 〈12〉2[34]2, O−+−+ =
〈13〉2[24]2, etc.
For configurations with a single minus or a single plus
helicity Eq. (16) does not generate any O(Λ−4) local con-
tact terms (they first appear at O(Λ−6)). All in all, for
amplitudes with 4 distinct spin-1 particles, all possible
contact terms are spanned by the following 12 basis ele-
ments:
O−−−−1,2,3 , O
++++
1,2,3 , O
−−++ + permutations. (26)
In the Lagrangian parlance the the corresponding object
is a basis of dimension-8 operators, e.g. F 1µνF
2
µνF
3
αβF
4
αβ ,
F 1µνF
3
µνF
2
αβF
4
αβ , F
1
µνF
4
µνF
2
αβF
3
αβ , and 9 analogous one
with one or two field strengths replaced by the dual field
strength: F → F˜ . One could easily continue this exer-
cise into higher orders in the EFT expansion, simply by
incrementing n in the master formula Eq. (16). Then
Eq. (14) suggests that, for every helicity configuration,
the number of basis elements increases by one at each
consecutive EFT order.
For photons, a basis of contact terms can be con-
structed as linear combinations of the elements in
Eq. (26) that are invariant under permutations of identi-
cal particles. In the all-minus and all-plus sectors these
are
O− = O−−−−1 +O
−−−−
2 +O
−−−−
3 ,
O+ = O++++1 +O
++++
2 +O
++++
3 . (27)
The four-photon helicity amplitudes are given by
A++++ = C+O
++O(Λ−6), A−−−− = C−O−+O(Λ−6),
A−−++ = C0O
−−++ + O(Λ−6). At the leading order
in the EFT they are characterized by 3-independent pa-
rameters: C−, C+, and C0. These correspond to the 3
independent dimension-8 four-photon operators :
L = 1
Λ4
[
aF 2µνF
2
αβ + bFµν F˜µνFαβF˜αβ + cF
2
µνFαβF˜αβ
]
,
(28)
where the map is C− = 8(a− b+ ic), C+ = 8(a− b− ic),
C0 = 8(a + b). If parity is conserved (as in QED) then
C− = C+, or equivalently c = 0, reducing the number of
parameters to two.
V. SUMMARY AND DISCUSSION
This paper brings you an algorithm for constructing a
basis of contact terms of 4-point amplitudes in massless
EFTs. The master formula is Eq. (16). It gives a compact
expression for candidate basis elements for any helicity
configuration h1,2,3,4 of the external particles. The can-
didates On,k are labeled by two integers n and k. The
former fixes the canonical dimension of the contact term,
thus its order in the EFT expansion. At any fixed order
there is a finite number of candidates counted by k. All
On,k in Eq. (16) are independent, but they are not guar-
anteed to be local. Selecting local expressions from this
set yields a basis of 4-point contact terms. Formally, one
can test for locality by searching for solutions to a set of
linear equations relating hi, n, and k to the exponents
nij , n˜ij in Eq. (7), which must be non-negative integers.
In the 4-point case I find it more practical to pursue a less
systematic approach, where first a finite range of allowed
n and k is identified by general arguments, for which lo-
cality of On,k can then be quickly assessed by eye.
It is worth noting that this method directly constructs
basis elements, although it does not a priori count them.
In this sense it is orthogonal to the Hilbert series method.
Indeed, the two can be used together, with the Hilbert
series method providing a useful guidance about the EFT
order where local contact terms appear and the number
of them. I verified that for all examples studied in this
paper the number of local contact terms generated by
Eq. (16) agrees with that predicted by the Hilbert series
method [21].
It is straightforward to generalize this method to
higher-point contact terms, but I leave the details to a fu-
ture publication. Less straightforward is to imagine gen-
eralization to EFTs in different spacetime dimensions,
or with massive particles. Indeed, momentum twistors
are only defined for massless particles in four dimen-
sions. New clever variables to encode kinematic data
seem necessary to perform a similar program beyond 4-
dimensional massless EFTs.
The final comment is that Eq. (16) contains more in-
formation than just contact terms. In particular, it also
generates all independent terms with a single pole in the
Mandelstam variables. This may provide a shortcut to
constructing full tree-level amplitudes (rather than just
contact terms), which may be useful especially for higher-
point amplitudes.
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Appendix A: GR EFT
In this appendix I consider the EFT of a massless spin-
2 particle, which I call GR EFT. At the lowest order,
the theory is the same as the ordinary GR described by
the Einstein-Hilbert Lagrangian: LEH = − M
2
Pl
2
√−gR.
The higher orders correspond to other coordinate invari-
ant operators added to the Einstein-Hilbert Lagrangian.
Much as in the rest of this paper, I work at the ampli-
tude level, and only mention Lagrangians for the sake
7of reference to earlier literature. I will start by writ-
ing down the most general 3-point amplitudes for spin-2
particles. Then I will use Eq. (16) to derive the leading
contact terms in the 4-point amplitudes for different he-
licity configurations. Finally I will derive the pole terms
in the 4-point amplitude required by unitarity, and com-
pare their contributions with that of the contact terms.
Before beginning, mind that the power counting here
will be somewhat different than in the previous ex-
amples. Two scales are introduced: the Planck scale
MPl = (8πG)
−1/2 and the EFT scale Λ which is un-
known. The 3-graviton amplitudes are O(1/MPl), the
4-graviton amplitudes are O(1/M2Pl), and so on. Addi-
tional mass scales needed to arrive at a correct dimension
of the amplitude will be filled by Λ. This way the EFT
deformation of GR is more transparent, and the GR limit
is recovered for Λ→∞. Of course, one can always iden-
tify Λ = MPl a posteriori, so as to simplify the power
counting.
Start with 3-point amplitudes, the minimal self-
interaction of 3 gravitons is described by
A−−+ = − 〈12〉
6
MPl〈13〉2〈23〉2 , A
++− = − [12]
6
MPl[13]2[23]2
.
(A1)
This corresponds to the usual 2-derivative graviton cubic
interaction in the Einstein-Hilbert Lagrangian. In ad-
dition, Poincare´ symmetry allows for the same-helicity
amplitudes:
A−−− = c−
〈12〉2〈23〉2〈31〉2
MPlΛ4
, A+++ = c+
[12]2[23]2[31]2
MPlΛ4
.
(A2)
They map to the cubic Weyl tensor terms in the effective
Lagrangian of Ref. [19].
4-point contact terms, first appear at O(M−2Pl Λ−6) in
the EFT expansion. The derivation is similar to the spin-
1 case in Section IVC. In the all-minus sector, for distin-
guishable spin-2 particles one finds 5 local contact terms
at the leading order:
O−−−−k = (−1)k〈13〉k〈24〉k〈12〉4−k〈34〉4−k, (A3)
corresponding to n = 0 and k = 0 . . . 4 in Eq. (16). The
Bose-symmetric combination is
O−≡ 2O−−−−0 +2O−−−−4 +4O−−−−1 +4O−−−−3 +6O−−−−2 ,
(A4)
which can be simplified as
O− = 〈12〉4〈34〉4 + 〈13〉4〈24〉4 + 〈14〉4〈23〉4. (A5)
The parity mirror of Eq. (A4), O+ = P ·O−, corresponds
to replacing 〈·〉 with [·]. Moving to the zero total helicity
sector, one finds
O0 ≡ O−−++ = 〈12〉4[34]4. (A6)
corresponding to n = 4 and k = 0 in Eq. (16). This one
already has the correct Bose symmetry. The 3 contact
terms O−, O+ and O0 form a basis at O(Λ−6), and can
be mapped to the quartic Weyl tensor operators in the
effective Lagrangian of Ref. [19].
Given the 3-point amplitudes and the 4-point contact
terms one can construct tree-level 4-graviton amplitudes
in GR EFT. For each helicity amplitude, the residues on
the kinematic poles are calculated by glueing the 3-point
amplitudes in Eq. (A1) and Eq. (A2). For the zero total
helicity amplitude one finds for Rs ≡ Ress→0M−−++:
Rs = −A(1−2−pˆ−s )A(3+4+p−s )−A(1−2−pˆ+s )A(3+4+p+s )
=
〈12〉4[34]4
M2Pl
[
1
tu
+ c−c+
tu
Λ8
]
. (A7)
From there the full amplitude can be reconstructed as
A−−++ =
〈12〉4[34]4
M2Pl
[
1
stu
+
d0
Λ6
+O(Λ−8)
]
. (A8)
The first term in the square bracket yields the well known
result for tree-level graviton scattering in GR. One can
verify that the residues of Eq. (A8) in the t and u chan-
nels are also consistent with the factorization into 3-point
amplitudes. The leading EFT correction comes from the
contact term in Eq. (A6). The pole contribution propor-
tional to c−c+ is neglected above because it is sublead-
ing. To include it consistently one should also calculate
O(Λ−8) contact terms (which can be done easily starting
from Eq. (16), if ever needed). In the all-minus and all-
plus sector the discussion is simpler, as only the contact
terms contribute at tree level:
A−−−− =
d−
M2PlΛ
6
(
〈12〉4〈34〉4 + 〈13〉4〈24〉4 + 〈14〉4〈23〉4
)
,
A++++ =
d+
M2PlΛ
6
(
[12]4[34]4 + [13]4[24]4 + [14]4[23]4
)
,
(A9)
up to O(Λ−8) corrections. The EFT corrections inter-
fere with GR in Eq. (A8) but not in Eq. (A9). Therefore
the leading EFT effect on graviton scattering observables
(proportional to the helicity amplitudes squared) is de-
termined by the contact term O−−++ and parametrized
by a single Wilson coefficient d0.
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